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Abstract: We describe the Lie algebra deformations of D=4 Maxwell superalgebra that 
was recently introduced as the symmetry algebra of a kappa-symmetric massless superpar- 

^D . tide in a supersymmetric constant electromagnetic background. Further we introduce the 

D=3 Maxwell superalgebra and present all its possible deformations. Finally the deformed 
superalgebras are used to derive via a contraction procedure the complete set of Casimir 

/\ ' operators for D=4 and D=3 Maxwell superalgebras. 



Contents 



|l]. Introduction 

|2|. D=4 Maxwell superalgebra and its Weyl-enlargement 

|3|. Deformations of Maxwell superalgebra in D=4 

A] /c-deformation 



3.1.1 Anti-de Sitter case: k > 



3.1.2 de Sitter case: A; < 



3.2 s-deformation 



^ D=3 Maxwell superalgebra and its deformations 

[4.1| D=3 Maxwell superalgebra 



4.2 Deformations of D=3 Maxwell superalgebra 

4.2.1 A: "'"-deformation 

4.2.2 A:~-deformation 

4.2.3 c-deformation 



Is]. Casimir Operators of the Maxwell superalgebras 

).1| Casimir Operators of the Maxwell superalgebras in D=4 
5.1.1| Casimir operators of 0(N) algebras 



5.1.2| 05^(214) Casimir operators 

5.1.3| Casimir operators of the Maxwell superalgebra by contraction 



5.2 Casimir operators of D=3 Maxwell superalgebras 



|6|. Conclusions and Outlook 

\A\ . Notations and conventions 

1^. Quaternionic (super)groups and (super)algebras 



B.l Quaternionic algebras 



B.2 Quaternionic groups and corresponding Lie algebras |32| p^ ] 

B.3| Quaternionic supergroups and applications to space-time symmetries 



11 

n 

n 

12 
12 
13 
13 

n 

u 

15 
15 
16 
18 

19 

20 

22 

22 

m 



B.4 D=4 dS superalgebra 



1. Introduction 

The Poincare algebra and Poincare group describe the symmetries of empty Minkowski 
space-time. Filhng such a flat space-time with some background fields leads to a modifica- 
tion of Poincare symmetries. An example of such a modification is the so-called Maxwell 
symmetries, which was obtained already in the seventies [PQ by considering Minkowski 
space with an added constant electromagnetic (EM) background. The collection of arbi- 
trary values of the constant EM field strengths provides additional degrees of freedom in 
Minkowski space, supplementing the Poincare group with additional group parameters and 
the Poincare algebra with new generators. 



The Maxwell algebra [0]-|]13|, see also |15(]-||16[ for D=3, is obtained by adding to 



the Poincare generators {P^, M^iy) the tensorial central charges Z^^ {Z^y = — ^i/^) which 
modify the commutativity of the four-momenta P^ 

[P^,P,]=iZ^,, (1.1) 

where M^^, are the Lorentz algebra generators and 

[Z^y,Mp^] = -ir]^[pZi^i^] +iVfi[pZ\,y\a], (1-2) 

[Pp, V] = [V' V] = 0- (1-3) 

The D-dimensional Maxwell algebra G = (M^^, P^, Z^^) has the structure of a semi-direct 
sum 

G = 0{D-l,l)^H (1.4) 

where the algebra H (= (P^, Z^^)) can be obtained by suitable contraction a — )■ of the 
de Sitter algebra 0{D, 1) = {M^u, V^), or anti-de Sitter 0{D - 1,2), with @ 

Mpu = \Zp,, Vp = -Pp. (1.5) 

The Maxwell algebras and Maxwell symmetries were recently studied in three different 
directions: 

1. The Maxwell algebra is an enlargement of Poincare algebra, i.e. by putting Zpi, = 
one gets back to the Poincare algebra. Analogously, one can consider the class of 
supersymmetrizations providing Maxwell superalgebra as the minimal enlargement of 
N=l Poincare superalgebra. Such supersymmetric extension of D=4 Maxwell algebra 
was obtained in |l^ by adding minimal number of two four-dimensional Majorana 
supercharges Q„, I]^ and mathematically optional two scalar generators B^, B. The 
coset LorentzTiB^ describes the super symmetries of fiat (Wess-Zumino) Minkowski 
superspace with arbitrary constant values of an Abelian gauge superfield background 

Wa{e) = iK-\ UAh^la - iD{h^)o.. (1.6) 

The superspace coordinates [x^, O"', 4>) are supplemented in the framework of Maxwell 
supergeometry by graded additional coordinates (Aq,, /^j^, D) related to the generators 

(Sq,, Zpy, B). 



2. Following preliminary results obtained in [||, all deformations of the Maxwell algebra 
in any dimension D=d+1 were studied recently in |p. In arbitrary dimension D there 
is a "universal" A;-deformation, resulting in the following deformed Maxwell algebras: 

k>0 : 0{d,l)eO{d,2) {Lorentz ® AdS) 

k<Q : 0{d,l)®0{d+l,l) {Lorentz edS) (1.7) 

In D=3 the deformations are parametrized by two parameters (/c, 5), with an ad- 
ditional "exotic" 6-deformation. The {k, b) plane can be divided into two domains 
where the two deformed Maxwell algebras described by (|1.7l ) are realized. However 
on the curve separating these two domains the obtained algebra is isomorphic to 
0(2, 1) e ISO{2, 1) (D=3 Lorentz D=3 Poincare). 

3. One can study further extensions of the Poincare symmetries by adding new tensorial 
central generators [^ to the first level extension described by the Maxwell algebra. 
For example, in D=4 the second level extension consists in adding the third rank 
tensorial charges Y^tp^i, which can be related to a Minkowski space filled with arbi- 
trary hnear EM background (i.e., F^^^] = /[^^] + f[f,u]pxf, /[^j,] and /[^^.jp arbitrary 
constant tensors). 

The first aim of this paper is to consider all possible deformations of the D=4 Maxwell 
superalgebra introduced in [|l^]. In D=4 one obtains two independent deformations: 



First, the supersymmetrization of the "universal" fc-deformation given by ( |1.7| ). Be- 
cause of the doubling of Majorana supercharges in the Maxwell superalgebra, the 
deformed superalgebras in D=4 require also eight real supercharges describing N=2 
AdS and N=l dS SUSY^ 

k>0 : 0(3,1) ®OSp{2\4)®R (1.8) 

k<0 : 0(3,1) eUUa{l,l\'^;H)®R (1.9) 



where UUa(l,l\l;H) is N=l, D=4 de-Sitter superalgebra lT3l|l|]|l9| and will be 
explained in detail in Appendix B. 

• Second, the s-deformation which does not have a non-SUSY counterpart. It involves 
only a modification of the algebraic relations for the scalar generator B^ with the 
dilatation operator D given by the replacement B^ ^ B^ + sT). If we enlarge the 
Maxwell superalgebra by Weyl symmetry then the s-deformation is no longer an 
independent deformation^ . 

Second aim of the paper is to introduce the Maxwell superalgebra in D=3 and study its 
possible deformations. The additional s-deformation is not present in D=3. We find that 



^For the simplest N=l supersymmetrization of D=4 de-Sitter algebra we need 8 supercharges (see 
Appendix B) 

^An analogous situation appears in the deformations of the symmetries of very special relativity [E0|. 



there is a two parameter deformation of D=3 Maxwell superalgebra as in the bosonic case 
considered in ^. Depending on the values of the deformation parameters, we find three 
different deformed superalgebras: 0(2, 1) 05^(112) OSp{l\2), 0(2, 1) 05j9(l|2; C) 
OSp{l\2;C) and OS'j9(l|2)0(D=3 superPoincare) . 

The plan of the paper is the following: In section 2 we recall the results on D=4 
Maxwell superalgebra |jl^ and introduce its one-dimensional Weyl extension by adding 
appropriate scale transformations^. It appears that the super Maxwell-invariant massless 
superparticle model, introduced in |1C], is also invariant under the Maxwell- Weyl super- 



symmetry. In section 3 we discuss two deformations of the D=4 Maxwell superalgebra. 
One (fe-deformation) is described by the superalgebras ( |1.8D and ( |1.9| ), and the other (s- 
deformation) can be introduced as a parameter-dependent class of subalgebras of the D=4 
Maxwell- Weyl superalgebra. In section 4 we introduce the D=3 Maxwell superalgebra and 
obtain the supersymmetrization of the two-parameter family of deformations. 



In 1 10] we have presented the bilinear Casimir operators of the D=4 Maxwell superal- 



gebra, including the generalized mass-shell formula. In section 5, by contracting the known 



Casimir operators of (L8) {k — )• 0) we obtain all six Casimirs of the D=4 Maxwell superalge- 
bra. Subsequently, the Casimir operators for D=3 Maxwell superalgebra are also obtained 
via contraction. In section 6 we present conjectures about the existence of Maxwell super- 



algebras for D > A and its deformations, outline the relation with other proposals [21|[22 



and conclude with some final remarks. We add also two appendices, one summarizing 
our conventions including gamma matrices, and a second describing quaternionic (super) 
groups and (super) algebras as well as the D=4, N=l de-Sitter superalgebra C/C/q,(1, 1|1; H) 
appearing in (|L 



2. D=4 Maxwell superalgebra and its Weyl-enlargement 



In a recent paper [10| we have proposed the following supersymmetric extension, denoted by 
^5 , of the Maxwell algebra in 4 dimensions (our notations and conventions are summarized 
in Appendix A), 

[P^, P,] = i Z^,, [P^, Q J = -i 5]/3(7M)^a, 

{Qc, Q/3} = 2 [C^na^P^,, {Q„, S/3} = \{C^naP V + (^75)a/3 B, 

[^5, Qa] = -i (Q75)a, [^5, ^a] = i {^l^)a, 

[Pfi, Mp^] = -i r]f,[pP^] , [Zp^,, Mp„] = -i r]^[pZ\^\^-^ + i r]p]^pZ\^\^^ , 

[^V,Q„] = --(Qtpct)^, \Mp„,T^^ = --(S7p^)a, 

[M^i,,Mp„] = -ir]^[pM\p\„] +i7?p[pM|^|^]. (2.1) 

The bosonic generators {Pp,Mp_^, Zp_^), linked to translations, Lorentz rotations and 
additional tensorial coordinates, form the bosonic Maxwell subalgebra and the fermionic 
generators Qq,,!]^, (a = 1,2,3,4) are two Majorana spinor charges. P is a central charge 



^One could also consider the enlargement of pure bosonic Maxwell algebra by dilatations. 



and Br, generates chiral transformations. We point out that D=4 Maxwell superalgebra can 
also be considered as an enlargement by generators Z^^ of the algebra with 8 supercharges 
introduced by Green |23]. 

There are three subalgebras obtained by consistently removing generators B and/or 
Br, from Q (see 0). 

1) The minimal super symmetric extension Q, with a bosonic sector consisting only of 
the Maxwell algebra generators, is obtained if we remove B and Br,. 

2) Removing only generator B^, we get a central extension Q of Q. The generator 
B is required if we wish to introduce the scalar degree of freedom describing the off-shell 
extension of D=4 U{1) field strength supermultiplet. 

3) One can consider a subalgebra with only the generator Br, which acts on the super- 
charges Qa, 5]q, as chiral generator. If B is present, Br, is also required for the existence 
of the supersymmetric mass Casimir. 

In this paper we shall consider the Maxwell superalgebra G^ with both B and Br, given 
in (p.l|). We add that all cases describe the supersymmetric extension of the Maxwell 
algebra with minimal number of supercharges (eight real or four complex) and all these 
supersymmetrizations describe N=l Maxwell superalgebra^. We note that four additional 
supercharges Sq, are present due to the supersymmetrization of the constant electromag- 



netic background (1.6). 

The superalgebra Qr, describes the symmetries of the massless kappa invariant super- 
particle action in an external constant N=l susy invariant background presented in [^] 

7T^ 1 

^ = ^ + 2/M-^f + i^c.L% + DLb, (2.2) 

where Lp = tt^ = dx^ + iO^^O, L^ , Lg, Lb are the pullbacks on the world line of the 
components of the MC forms Q. = —ig~^dg defined on the supercoset Qr,/{Lorentz ® Br,) 

g = ef ^M-^<^^" e'^'*'''' e*^"*" e^Q^e'' ^iB<t>_ (-23) 

We observe that one can assign mass dimensions to the generators of the superalgebra 
( |2ll ) as follows 

[P^] = l, [Z^u]=2, [Qa] = ^, [^a] = ^, [B]=2, [B5] = [M^,] = 0, (2.4) 

which can be described by introducing a dilatation generator D satisfying the relations: 

[V, P^] = zP^, [V, V] = 2i V, [V, Q,] = ^ Q„, 

[V, S«] = ^ i S„, [V, B] = 2i, [V, B5] = [V, A^] = 0. (2.5) 



The supercoset coordinates in ( |2.3D transform under the scale transformations, generated 
by T>, with opposite mass dimensionalities: 



X' 



'' = A-^x^, 0^''' = X-^(P'"', r' = A-1/20", 0"' = A-=^/2^", (/)' = A~V- (2.6) 



''We mention that the superalgebra 0(3, 1) ©OS'p(lj4) with four real supercharges considered in [jllf pa] 
describe the supersymmetrization of one of the deformations of Maxwell superalgebra (see also section 6). 



Adding relations ( |2.5D to (2J) one obtains the Maxwell- Weyl superalgebra, which is 
a one-dimensional enlargement of Maxwell superalgebra described by the semidirect sum 
T^^Qb- We note that the massless superparticle action ( p.2| ) remains invariant under the 
scale transformation with the einbein, transforming as e' = A~^e, consistent with its role 
as a coordinate for D in the coset T>^Q^/{Lorentz ® B^). 

3. Deformations of Maxwell superalgebra in D=4 



The Maxwell superalgebra (2.1) is equivalently described in terms of the Maurer Cartan 
one form 

= P^L^'p + ^iVVL^^ + ^ V^z' + BLb + B^L' + Q,L" + E.Lg, (3.1) 

satisfying the Maurer Cartan equation dO, + iil A 17 = 0, as 

dL^ + L^^Lp^ - iLT^'L = 0, 

dL'^z" + Ll^VpaL^ + L'frip^LZ - L'^p L'^p - iL^^'^L^ = 0, 



dL"+-L^,^(7^,Lr+L5(75Lr = 0, 



dL% + ^L^^(7^,Ls)" + L^(7mL)" - ^'(75Le)" = 0, 



dLs - iL75LE = 0, 

dL^ = 0. (3.2) 



These MC equations provide a dual formulation of the Maxwell superalgebra ( |2.1| ) and 
closure of the system ( |3.2D under exterior differentiation is equivalent to the Jacobi iden- 
tities of the algebra being satisfied. The deformations of the algebra can be studied using 
cohomological methods |24], see also for example 120] . A non-trivial deformation is ob- 



tained if it is possible to add covariantly closed but not covariantly exact two forms to the 
right-hand-sides of the MC equations (^]^). Covariant exterior differentiation is defined 
here in terms of the connection 1-forms lo b = C bcL , where C bc are the structure 
constants and L*^ the MC 1-forms of the undeformed algebra. The Jacobi identities imply 
that the connection is flat: duj b + ^ c ^ ^^ B = 0. 

A systematic examination^ yields two possible non-trivial deformations in 4 dimen- 
sions, up to redefinitions using covariantly exact one forms. First one is the A;-deformation, 
a super symmetric extension of the /c-deformation of the bosonic Maxwell algebra in 1^, 

dL^P + L^i^^Lp^ - iL7'^L = k (ifLp^ + ^L^7'^Ls j , 



''Some of the calculations with forms were done using the Mathematica code for differential forms 
developed by S. Bonanos. See: "Graded Exterior Differential Calculus" [E5| . 



dLg + iL^^(7^,Ls)" + L^(7mL)" - L5(75Ls)" = ^Lf (7;..Le)°, 

dLfi -zL75Ls = 0, 

dL^ = -fciL75LE, (3.3) 

where fc is the deformation parameter having the mass dimension [k] =2. Note that in 
contrast to (|3.2| ) we cannot have the closed algebra without L^ (chiral symmetry) in the 
deformed algebra (|3.3| ) . In other words we cannot contract out L^ by L^ — )• a L^ and a — )• 
in the last equation of ( |3.3| ). The closed MC equation ( |3.3D is written in the form of a 
superalgebra, 

[P^i,Pu] = i Z^^, [Pfj_, Zpr,\ = ik r/^[pPo-] , 

[Zpu,Zpa] = i k {r]„[pZ\^^\^] -r/^,[pZ|j,|^]), 

[Pp, Mp,^] = -i i]p[pPa] , [2"^!., Mp^] = -i r]^[pZipi„] + i ??p[pZ|^|^] , 

[Mpi,,Mp„] = -iri^[pM\f,\„] +iVfilpM\u\a], (3.4) 

{Qa, Q;3} = 2 (C7'^)„/3Pp, {Sa, I^/?} = ^ A; (C7^)„/3Pp, 

{Qa,S/3} = ^{C^^^na^Z^^ + {Cj5)a^{B-kB5), (3.5) 

[Pp,Qa] = -i^pilpf^, [Pp,5:a] = -^A;Q^(7p)''„, 

[Zp.,y,Qa] = -^k{Q^f,u)a, [Zp^,'Sa] = -k {'Sjp^)a, 

[B5, QJ = -i (Q75)a, [^5, S„] = i (S75)«, 

[Mp,, QJ = -1(Q7^,)„, [Afp,, I]„] = -l(I]7p,)„. (3.6) 



The second s-deformation is 



dL^P + L^^Lpj. - iL7^L = s L^ L^, 
^-^A/ + B^ripaL^j = 0, 

dL-+ iL^,^(7p.L)"+ l5(75L)" = ^^i'L", 

dLg + ^L^,^(7p.Ls)" + L'-phpLr - L^^^L^r = ^^^'Le, 

dLB - zL 75 Ls = 2sLP Lb, 

dL^ = 0. (3.7) 



where s is the dimensionless deformation parameter. 



3.1 /c-deformation 

We describe the fc-deformation of the Maxwell superalgebra in terms of known super alge- 
bras. We write 

LM — kLz = LM, Lm = Lj, Lb + -rL = -Lb, L = Lqs, (3.8) 

and rescale using k = ±-^,{R > 0), 

L^p = RL^, L" = \/i?L°, Lg = V^Lg (3.9) 

so that all one forms are dimensionless. Correspondingly the relations of the new generators 
to those of fc-deformed Maxwell superalgebra are found by comparing (p.l|) with 



where 



fi = V^L'^ + ^M^^L"^ + \j^,uL''J + BLb + B^Lbs + Q„L° + S,Lg, (3.10) 






iVV = J^^^- + ^A«-' V = T ;^ -^M-' B = ±^B, B5 = B5 + B, 

P^. = ^T^'m, Qa = 4^ Qa, ^a = ^ ^a- (3.11) 



The MC equations ( p^ ) decompose to that of 0(3, 1) of J7 

dL"/ + L'^frjp^L''/ = 0, (3.12) 

the central charge B, 

dLB = (3.13) 

and a superalgebra of ("PjTW, Q, S,i35), 

dLv^ + L^j:;^Lv, - iL^t = ± ^L^T^Ls, 

dL° + -^L^il^utr + L^s (75L)" = TL^^ (7,.Ls)", 

dt% + iL^(7^.Ls)" + i^(7^L)" - Le5(75Ls)" = 0, 

dLgs = =FiL75Ls, (3.14) 

where upper signs correspond to A; > and lower ones to k < 0. Both cases {k > and 
A; < 0) will be discussed in detail below. 

3.1.1 Anti-de Sitter case: A; > 

We shall show that the superalgebra of {V,^A, Q, Sji^s) in (p.l4|) for /c > is isomorphic 
to OSp{2\4:), which is N=2, D=4 anti-de-Sitter superalgebra with bosonic subalgebras 0(2) 



and 5p(4) ~ 0(3,2). The MC equation (|1|) for A; > is written in 0(3,2) covariant 
form as 



1 

4' 



dL- + -LZiTf^ui^r + L^^ e^'L"'' = 



(ILqs - ^Ve'^V = 0, (3.15) 

where jl,i) = 0, 1, 2, 3, 4 are 0(3, 2) indices with the flat metric ry/ip = (— , + + +,—) and 
e^^ = — e^^ = 1. L'^^s are 0(3, 1) components of L^ and 

We have also introduced 0(3, 2) Majorana spinors 



^"'={:2a = wf:^l^~«^) (3-17) 



r4(L° - gL^y 

and the 0(3,2) gamma matrices F^ given in appendix A. Recall that all gamma matrices 
are taken to be real in the Majorana representation. (3.15|) shows that L*°, (z = 1, 2) is a 



0(2) doublet under rotations generated by B^. The dual superalgebra of the MC equation 
(|3l^ is OSp(2|4): 

[135,Qai]=ieyQaj. (3.18) 



Thus the /c-deformed Maxwell superalgebra for /c > is isomorphic to 05^(214) ©0(3, 1)( 
C/(l) with the generators related by ( |3.11|) , 

-Mm = RPf^, M^u = -R" V' B^ = B^- R" B, 



Jy.v = M^^ + R^Z^^, B = R^ B. (3.19) 



The unconventional feature of the contraction ( 3.19| ) is exhibited in the formula for Jf^^y in 



which the direct sum structure of two Lorentz subalgebras belonging to 05p(2|4) ©0(3, 1) 
is not respected. Such nonstandard contractions generating nontrivial cohomologies and 
semidirect sum of algebras were considered in D=3 (see [|lj] sect. 8, [|lq] ). 

3.1.2 de Sitter case: A; < 



The superalgebra of {V, M., Q, I], B^) in ( 3.14 ) for /c = — -^ < case is, as we will see, the 



N=l super dS algebra UUai^, 1|1; H). In order to consider this case we introduce 0(4, 1) 
metric and gamma matrices Tjx as (see appendix A) 

r^ = 7M75, r4 = i75, r/^z) = (-, + + +;+), fi,i> = 0,1,2,3, A- (3.20) 



In contrast to the AdS case these gamma matrices are not real but satisfy 

r^ = — r4r^r4, r^^ = r4r^;>r4. (3.21) 

Using them we can rewrite ( 3.14| ) in 0(4, 1) covariant form, 



dL% + LZvpaL% + l-L^Tf^'V = 0, 



1 

4 



dL- + -L^(r^,L)- + Lgs e'^L"^ = 0, 



Here 



diss - - L e'^ V = 0. (3.22) 

The L*"'s are not Majorana spinors but are symplectic Majorana spinors satisfying the 
condition, see for example p^ , 

L«it ^ .gij^P^^a^L«. (3.24) 



The symplectic Majorana spinors ( 3.23 ) transform as an 0(2) doublet under rotation by 
The dual superalgebra of the MC equation ( |3.22|) is 

[B5,Qai] = ieyQaj. (3.25) 

Here Aifn) and B^ are real (Hermitian) while Qai are complex and satisfy the symplectic 
SU(2) Majorana or quaternionic condition 

Ql = -Qpj^^'Hnfa- (3-26) 



The superalgebra ( 3.25| ) is N=l, D=4 de-Sitter superalgebra [/[/^(l, 1|1; ff) discussed in 



pSJlp^ and Appendix B. We can conclude that the /c-deformed Maxwell superalgebra for 
fc < is isomorphic to C/C/q,(1, 1|1; H)(B0{3, 1) © U{1) with the generators related by 



Mf,4: 


— RPpj 


■Mf_iu — R Z^i, 


B5 


= B5 


+ R' 


B, 


Qal 


2 ^ 


^+iVR^'Ea, 


Qa2 = i 


iVR 
2 


Q/3 + 


^1 


d fjLU 


= M^^ - 


R^ Z^„ B = - 


-R^B. 









(3.27) 

We add that the contractions of the deformed algebras 05^(214) © 0(3, 1) © C/(l) 
and UUaiX-, l|l;-ff)©0(3, 1) © U(l) are not unique but other contractions are possible to 
produce results different from the Maxwell superalgebra (^]^). For example, one could get 
N=2 Poincare superalgebra©0(3, 1) © ?7(1)^. 



10 



3.2 s-deformation 



From the MC equation ( |3.7| ) it follows that only the action of the -B5 generator is changed 
in comparison with the undefornied algebra (|2.l] ). Denoting the s-deformed generator by 
B\^ , one gets 



-°5 '-'m 

^5 'Q" 



isP, 



S 

2 



75))a, 



/xi/ 



i2sZ, 



/xi/) 



i?.?U 



i2sB, 



-D5 ) -'^^pcr 



^5 '^c 



^(S(^+75))a. 



= 0, 

(3.28) 



The generator i?^ acts on all generators as a dilatation operator and produces as well 
the chiral rotations for the fermionic generators. Note also that the generator B, after 
the s-deformation, ceases to be central. From (2.1), ( p.5| ) and ( p.28|) it follows that the 



deformed chiral generator i?i can be represented as 



(^) 



B, 



is) 



B5 + SV. 



(3.29) 



Because of [D, B^] = 0, the relation ( p. 29]) selects a one-parameter subalgebra from the two- 
dimensional Abelian subalgebra (T>, B^) of the Maxwell- Weyl superalgebra. We conclude 
therefore that the s-deformed D=4 Maxwell superalgebra is embedded in the Maxwell- Weyl 
superalgebra considered in section 2. 



4. D=3 Maxwell superalgebra and its deformations 

4.1 D=3 Maxwell superalgebra 

The D=3 Majorana spinors are two-component, and 0(2, 1) gamma matrices in Majorana 
representation can be expressed in terms of the Pauli matrices cjj as follows 

C = 7o = icr2, 7i=o'i> 72 = o-3- (4.1) 



Because the chiral product of the three matrices (4.1) is the identity matrix we cannot 
accommodate the generators B and B^ in D=3 Maxwell superalgebra, which by analogy 
with the formulae (2.1) takes the following form 



[P„P. 



i Z, 



flU-l 



[Pf., Qa] 



{Qa,Q/3}=2(C7^)„^Pp 
[Mp^Ma] 

[Mp^,Mp^] 



1 



{Q,,5]^} = -(C7^-)„^Z 



aP ^^jlu-! 



[Z^u,Mp„] — -ir]^^pZ\p\„^ +'i''nii[pZ\u\a]-, 



-l^{Q,lpa)a, 



[Mp^,^a\ 



-lj{'^lpa)o,, 



ir]u[pM\,,\a] +ir]p[p^u\a]- 



(4.2) 



The Jacobi identities of this algebra hold using the identity (C7^)(q,^(C7^)^5) = 0, for 
totally symmetric {a/S'jS). We would like to mention that the D=3 Maxwell algebra was 



considered earlier under the name of extended Poincare algebra [15|[16|. The D=3 Maxwell 
superalgebra (^]^) is given here for the first time. 
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4.2 Deformations of D=3 Maxwell superalgebra 

In D=3 dimensions there are no B and -B5 generators and there is no s-deformation. On the 
other hand the presence of the totally antisymmetric tensor e^'^^ leads to a new deformation, 
as in the bosonic case (6-deformation in [H]), in addition to the /c-deformation ( p.3[ ): 

dL^ + L'^^'^Lp, - iL-ff^L = ce^^LPpL'},, +k U'^'^Lp, + ^L^t'^Ls] , 

dL" + \lZ{i,uW = -cL^(7mL)" + ^ {L'zh,uLr - L^l.^^j^D , 
dLg + h^i^^^Lj^r + ^p^'(7mL)° = ^ Lf (7^,Ls)", (4.3) 

where c, A; are the deformation parameters having the mass dimension [A;] = 2, [c] = 1. L 
and Ls are 2-component Majorana spinors. We will examine the symmetry structure of 
these deformations in the three cases, (1) A;+-deformation for k > 0, (2) /c~-deformation 
for A; < and (3) c-deformation. 

4.2.1 A^-deformation 

In the case A > 0, c = the MC equation is written as 

dL'^j + ^e^^.pL'^jL'j = 0, 

dL^± + ^e^P^i^i T iLiCT'^Li = 0, dL^ - iL^(7^L±)° = 0, (4.4) 

where 

-1 1 tI^P T fJ- T a T a 

^J-2^^P^M^ ^±-2^'^py^M-^}^^^ ^ ~ ^Ri72 ^ 2^R372 ^^-^l 

and L-t are two independent Majorana spinors. 

The dual algebra for the generators, defined by using the MC one form 

n = J^L^j + M+L>X + M-L^_ + Q+L^ + Q-L^ (4.6) 

{Qt,Qt} = ±2{CrUM^. (4.7) 

Here, due to the relation Yla QaQa = ~ Yla I2a 1^ — i2A^Q , we obtain the constraints 
■Mq < 0, A^,^ > 0. The J'^ is the 0(2, 1) generator and (A^^, Qa) generates a pair of real 
superalgebras OSp^ {l\2). Then the A+-deformed super algebra is a direct sum: 

A;+-deformed superalgebra = 0(2, 1) 0S'p+(l|2) 05p"(l|2). (4.8) 



becomes 
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4.2.2 k -deformation 

In the case k < 0, c = the MC equation is written as 

dL^ + l^^upL±Li ± LiCT'^Li = 0, dL^ - ^ L^(7;.L±)" = 0, (4.9) 



where 



1 1 T^P T f^ -fa TO 



and L^ = L_ , L" = L_ . The dual algebra for the generators, defined by using the MC 
one form 



n = J^L^^ + M+Ll + M-L>'_ + Q+L° + Q-L° (4.11) 



becomes 



I 



{QtQl} = ±2i{C^^^UM^. (4.12) 

Note there is a factor i in the {Q, Q} anticommutator because of the hermiticity require- 
ment 

[M-)^=M+^, (Q-)t = -Q+. (4.13) 

Because Q+ and Q^ are anticommuting 

{Q+,Q^} = -{Q+,Q^^} = 0, (4.14) 

one obtains that ^^ |QaP = and representations at quantum level of the superalgebra 
(4.12) lead necessarily to indefinite metric and ghost states [l^|||lH]. The algebra is a 



direct sum of 0(2,1) with generator J , OSp{l\2; C) with complex generators A^+, Q+ and 
OSp{l\2;C) with their conjugate generators M-, Q-. We obtain 



A;--deformed superalgebra = 0(2, 1) OSp{l\2; C) ® 0Sp{l\2] C). (4.15) 

4.2.3 c-deformation 

The c-deformation is the case A: = given by 



dLj + -e^upVjL'lj- - 


= -2ciL7^L, 


dL"- 


\L'j{l,i^ 


d^M + 2^'^''p^'m^m = 


= 0, 






dLj, -\- e ypLj^Lj, = 


= -^Ls7''Ls, 


dL% 


-2^Mi^P 



(4.16) 
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where 

I ^ jy 1 !^ 1 ^ ly 

Lj = -2cLp + -e^,ypLjy,j, L^ = c-t^ypL^ - -^Lp, Lj^ = -e^ypLj^, (4.17) 

and 

L" = L", Lg = L"-cLg, [L] = [Le] = -1/2. (4.18) 

The dual algebra for the generators, defined by using the MC one form 

Q = J-^L't + Q,L" + MpL% + V^L't + S„Lg (4.19) 



IS 



[J'^,X] = -iepupJ", {Qa,Q/3} = -^c{C^^')^pJ^,, 



Mp.My] = -iepupMf, 



M.,i: 



fij -^a 



2(^>)a, 



[Vp,M,] = -iep^pVP, {S,, tp} = - (C^na^Vp. (4.20) 

Here Q^ and S^ are independent Majorana spinors. The algebra with generators {J', Q) 
is 05^(112) and one with (A^j'PjE) is N=l, D=3 Poincare superalgebra, i.e., 

c — deformed superalgebra = 0Sp{l\2) ® (N = 1 D = 3 super Poincare) . (4.21) 

The c-deformation is the supersymmetrization of the degenerate case of the two parameter 
deformation of D=3 bosonic Maxwell algebra ||8[. 

5. Casimir Operators of the Maxwell superalgebras 

In this section we discuss how the Casimir operators of Maxwell superalgebras can be 
obtained as contractions of their deformed counterparts and their subalgebras. 

5.1 Casimir Operators of the MaxweU superalgebras in D=4 

In four dimensions there are four Casimir operators in the bosonic Maxwell algebra [0||5|, 

Ci = 2 ^t^i^' '-^2 = ■^{ZpuZ'^"), 

Cs = P^ + M^.Z^'", C4 = {P'Z.^f + -AZp,Zn (Mp^ZP'^), (5.1) 



where Z^^'^ = ^e^'^'"^Zpfj. As shown in the subsection 3.1.1 the fc-deformed Maxwell super- 
algebra for A; > is isomorphic to 0(3, l)©05p(2|4) ©[/(I); thus there are 6 = 2 + 3 + 1 
Casimir operators. In the contracted algebra four of the Casimir operators are the super- 
symmetrized counterparts of ( |5.lD given in |jl^. In addition there is one U{1) Casimir B 
and one related to the 6th order 05p(2|4) Casimir operator. 
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5.1.1 Casimir operators of 0(N) algebras 

For 0{N) (with indefinite metric ry = ±1) with generators Mab = flAC^^ B = —Mba, 
the n-th order traces 

C(") = -tr{W) = -M^U.^M^^Ai-M^"A^ (5.2) 

commute with every generator and are therefore Casimir operators for even n. (For odd 
n, C*-"-* = identically.) There are [y] independent Casimir operators since the C^^' for 
n > N are expressed as polynomial functions of lower ones using the Cayley-Hamilton 
theorem. 

For 0(3, 1) there are two independent Casimir operators, 



"v(2) _ ^ rj^ rru __'T tp^^ 

-'J ~ r^^ V^ fJ. ~ r^^ IJ.1^^ 1 



Cf = -tT{J^) = {Cyr - 2{e^^P''J^,J,„Y. (5.3) 



The independent Casimir operators of 0(3, 1) are thus 



_ rr rriLV _ _l rr rr\ n"^ — _fl^^P^ T T — _l 



C] = -J^uJ^"" = -{J J), Cj = -e^^P-J^,Jp, = -{J J). (5.4) 



5.1.2 OSp{2\4:) Casimir operators 

There are [^] + [y] Casimir operators in the superalgebra OSp{m\n) [^. The generators 
of OSp{2\4:) are expressed as a graded antisymmetric OSp{2\4:) supermatrix Mab with the 
graded symmetric 05p(2|4) metric rj , {A = (i,a); i = 1,2, q = 1,2,3,4), 

/ B5 Qip\ /I \ 

Mab =[-135 Q2/3 , r?^^ = 1 , (5.5) 

\Qia Q2a M^pj VO -iiC-^r^l 

/ i35 Qi/3 \ 

M^B = V^^Mcb = -^5 Q2/3 ■ (5.6) 

V-iC-i°^Qi^ _iC-i"TQ27 -iC-^'^^M^pl 

The 10 symmetric Sp(4) generators M^p are expressed in terms of the 10 antisymmetric 
0(3,2) generators Mfio as 

^a/3 = -^iCTf^napM^p. (5.7) 

The OSp{2\4) algebra is expressed as 

[Mab.Mcd]^ = i-i) [MADVCB{-f + H^^^'^'^^'^'^^'^MbdVca 

+MAcriDB{-f''^'''-' + (-)(-^^+'^+^+^^+^)MBcr/z.A) , (5.8) 

where (— ) = +1 for even (0(2)) indices A and (— ) = —1 for odd (Sp(4)) ones. 
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As in the 0(N) case we construct the Casimir operators of OSp{2\4:) using its super- 
traces 

C7(") = -- striA'P) = -- {-1)^^M^^A2M'^^A,-M^"A,- (5.9) 

For odd n they vanish identically due to graded antisymmetry of M. There are thus 
three independent Casimir operators C^"^' , C^'^' , C^^' . Higher power Casimir operators are 
not independent but rational functions of these three as follows from the super Cayley- 
Hamilton theorem |28|. 



The explicit forms of these Casimir operators are 

C(2) = -1 str{M^) =Bl- {M^) + (i Q,C-^Qi). (5.10) 

C(4) = _lst^(M4) = -(c(2))2 + C'4, 
Ci = -2Bl{M^) + ^{M^f + 2{MMf 

o 

- 3{M^)ii QiC-^Qi) + 2{MMf{i Qir^iC-^Q.) (5.11) 

C(6) = _i str{M') = -\ {C^'^f - \ (C(2))(C(^)) + C, 



CQ = Bi[ -{My + 3{MMY 1 - -{My - Q{MyMMY 
+ ^5 (-?>{My - ^^{M^)Mf''\ {e''^Q^Tl,,C-^Qj) 

- 6{MyMMr{i QiTf,C-'Qi) + (^{My + 6{MM)A {i Q^C-^Qi) 

+ '^{My{e'^ i QiTf,pC-'Q,)rj('%e'^ i Q.r^.C-^Q,) 
+ '^^{MMf{iQiX(,C-^Qi){iQiC-^Q,) 

- ^(-^') (5(^ QiC-^Qif + {i Q^V{.C-^Qif) , (5.12) 
where C4 , Cg are defined by subtracting terms with higher power of B^ and 

{W) = {Mf^'Mf.o), {MMf = \e^'^^'^MopM^-^, 
{My^ = Mf'PMp^, {My^ = M^PMpaM^^. (5.13) 

These expressions are not unique due to the identity 

10(i Q^C~^Q^f + 2{i Q^TpC-^Qy + (e*^' i Q^Tp,t,C-^Qy = 0, (5.14) 

which is proved using completeness of the 0(3,2) gamma matrices. 

5.1.3 Casimir operators of the Maxwell superalgebra by contraction 

We have shown that the /c-deformed Maxwell superalgebra for /c > is 0(3, l)®0Sp{2\A)® 
U{1)b and the Maxwell superalgebra is obtained by the contraction /c — ;■ (i? ^ 00). We 
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have obtained six Casimir operators of the fc-deformed Maxwell superalgebra: two of 0(3, 1) 
in (U), three of OSp{2\i) in (|5lO|)-(|5l2D and B of U{1). The Casimir operators of the 



Maxwell superalgebra can be found by contraction of those in the fc-deformed algebra. 

Using the relations of generators ( 3.1S| ) we first rewrite the Casimir operators of C/(1)b 
and 0(3, 1) as 

Cb = B = ^B, (5.15) 

^ ^ 7 7^^ 

C) = -{J J) = -{M,. + -J^){M^^ + ^), (5.16) 

C] = \e^''''^J^,J,„ = ^e'^-'P'^iM^, + ^)(Mp^ + ^). (5.17) 

In the contraction the leading terms give the Casimir operators of the contracted algebra. 
In this way we get three Casimir operators of Maxwell superalgebra as 

Cb = lim kCs = B, (5.18) 

CJ = ]imk^CJ = \{ZZ), 

CJ = ]imk^CJ = \{ZZ). (5.19) 



For the OSp{2\A) Casimir operator 

fc2 ^ ^ " k 



C(2) =Bl- {MM) + {i QiC-'Qi) = -^{B^- (ZZ)) + i (C2) + ... (5.20) 



The leading order term (Cb)"^ — 2(Cj) is a function of the Casimir operators, which we have 
found above. In this case the independent Casimir appears as the next leading term |29|. 
If we consider the combination in which the leading A;"^ terms cancel 

C2 = lim k (C2 + 2(C}) - (Cb)2) = 2 (p2 + (mZ) + i^SC-^Q - B5 B) (5.21) 

fc— i-O 



we obtain the mass Casimir of the Maxwell superalgebra found in [10]. Note that sub- 
leading term (MZ) in (Cj) also contributes to the C2 term. 

In the same way the leading k~'^ terms in C4 are cancelled by a combination of other 
Casimir operators 

(74 - 6{C}f + 2{CJf + 4 {CBfiCJ) = p (C4) + ^ (...) + (5.22) 

leaving 

C4 = limA;3 (c'4-6(C})2 + 2(C3)2 + 4(Cb)2(C}))+4(C))(C2) 



fe-i-O 

= 8{PZf + 2{ZZ){MZ) + (4^2 - 2 (ZZ) ) {P^ + (MZ)) 

- 2{ZZ){ii:C-^Q) -2SZ^^(i5]7^^75C-iQ)-2(ZZ)(iS75C-iQ). 

+ (siPZY + 4 5 P^) (i E 7^75 C~^ E) - 4 (i E 75 C-i S)2, (5.23) 
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where {PZ)^ = PyZ^^ . Finally, the leading k ^ terms in C^ are cancelled by the following 
combination of other Casimir operators 



(9(C})2-3(C3)2)(C2) 

9 ,^^.2 C^TJ^lryry^ 3 .„^x2 



- {zzy - 9B'{zz) - - {zzy \ {{pp) + (mz)) 

+ 12(^2 _ 2{ZZ)) i{PZf + j{MZ){ZZU 



+ 6{ZZ)iZZ) (i -E 75C-1 Q) + -B [siZZ] Z^^ - {ZZ)Z^^^^ {i ^7^,75 C"! Q) 

-ZB {b{ZZ) P^" + A{PZZY) {i E 7^75 C-i S) - 24 {ZZ) {PZY{i S 7^75 C'^ E) 

+ ^ (3(ZZ)2 - {ZZf) {i E C'l Q) + 12 (ZZ) (i E 75 C-i S)^, (5.24) 

where [PZZy = P^ Z^pZ^^ . When all fermions vanish, Cg becomes a function of lower 
order Casimir operators. This explains why Ce does not appear in the bosonic Maxwell 
algebra. 

In summary there are 6 Casimir operators in the Maxwell superalgebra, Cb-, Cj, Cj, C2, 
C4, Cq. Note that in the defining equations there appear products of generators, which are 
not (anti)commuting. A careful investigation shows that we obtain the Hermitian Casimir 
operators if we use the operator ordering presented above. 

5.2 Casimir operators of D=3 Maxwell superalgebras 

In three dimensions the Maxwell superalgebra is also obtained from the deformed algebras 
by contraction. Similarly as in four dimensions we obtain the Casimir operators from 
those of the deformed algebra by contraction. The A;"*"-deformed algebra is the direct sum 
of 0(2, 1) e OSp{l\2) e 0Sp{l\2) and its Casimir operators are 

Cj = J^^J^ (5.25) 

for the 0(2, 1) and 

C± = \M^M^^ ^ i Q^C-^Q± (5.26) 

from each of the OS'p(l|2)'s. We recall that there is only one Casimir operator in 05*^(112). 
The Casimir operators of Maxwell superalgebra in D=3 is obtained by contracting 



them. Using relation of generators dual to (4.5) 



Cj = i?^ Z^ + i?2 2 MZ + M^, 

C^ = R^Z'^± R\2PZ - iSC-^S) + R\P^ + iQC-^S) ^ R{QC-^Q) (5.27) 
we get three Casimir operators of the Maxwell superalgebra in three dimensions, 
Ci = hm ^Cj = Z^Z>^, 

it— > 00 iX 

1 .,„_L „_s 

C2 = lim 



R^oo2R'^^^ 





(5.28) 


^Cj) = P2 _ 2M^Z'^ + iQC-'E, 


(5.29) 


2P^Zf' - i'SC-^'E. 


(5.30) 
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6. Conclusions and Outlook 

In this paper we presented all deformations of D=3 and D=4 Maxwell superalgebras. The 
operations of deformation and supersymmetrization of Maxwell algebra can be done in 
different order resulting in different superalgebras (see Fig.l). 



Maxwell 
algebra 



SUSY 



Maxwell 
superalgebra 



deformation 

i 

deformed Maxwell 
algebra 



SUSY 



deformation 

; 

(a) deformed Maxwell 

superalgebra 

I 

(b) superextension of 

deformed Maxwell algebra 



Fig. 1 Two ways of modifying the Maxwell algebra 



We are following the upper path leading to (a) in Fig. 1, on the other hand Soroka and 
Soroka ||2^ recently have chosen the other path leading to (b). The results do not coincide, 
because the supersymmetrization of Maxwell algebra requires eight real supercharges while 
that of the deformed Maxweh algebra, 0(3, 1) © 0(3, 2) -^ 0(3, 1) © OS'p(l|4), only needs 
four real supercharges. 

It is plausible to assume, by analogy with the N=l case considered in this paper, 
that the N-extended Maxwell superalgebra can be obtained by suitable contraction of 
the OSp{2N\A) algebra^ and it will have 8N real supercharges. We conjecture as well 
that the D-dimensional Maxwell superalgebra can be obtained by contraction of the D- 
dimensional AdS superalgebra, i.e., it exists in those dimensions (D=2,3,4,5,7) in which we 



can formulate AdS superalgebras"^ |3C]. An interesting question is whether it is possible 
to construct Maxwell superalgebras with bosonic Maxwell subalgebra in other dimensions, 
e.g., in D=10 and D=ll. 

Our considerations above are only valid if we assume that the supersymmetrization of 
Maxwell algebra, which can be called minimal, satisfies the following two assumptions: 

1. it is an enlargement of Poincare superalgebra with the four- momenta present in the 
anticommutator of supercharges, 



"in principle one can obtain the same algebra by contraction of the N-extended D=4 dS superalgebra, but 
algebraically this procedure is more complicated due to the presence of quaternionic Majorana subsidiary 
conditions. 

'^One can also obtain the D-dimensional Maxwell superalgebra by contracting D-dimensional dS super- 
algebras, but dS superalgebras exist only for D=2,3,4,5 (see also Appendix B). 
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2. its bosonic sector is the direct sum of Maxwell algebra (|1.1|)- (|1.3| ) and possibly some 
internal sector. 

For if we allow generalized Maxwell super algebras, for example, with the following basic 
SUSY relation {Q, Q} = bZ (see p) that contradicts our first assumption, or with a bosonic 
sector that is a non-Abelian enlargement of Maxwell algebra, we open up a "Pandora's box" 
of possibilities. The simplest Abelian enlargement consists in adding to Maxwell algebra 
some central charges, like B and B^ in D=4 (see section 2), but one can also enlarge 
Maxwell algebra into a semisimple group with additional bosonic generators. One category 
of such extensions is described by the Bergshoeff-Sezgin superalgebra pl| . If we consider 
D=10, 11, which play a crucial role in string/M theory, one can look for contractions of 
generalized D=10 and D=ll AdS algebra OSp{l\32), see for example [^], and look for the 
corresponding generalized D=10 and D=ll Maxwell superalgebras. 

Appendix 

A. Notations and conventions 

Here we summarize our notations and conventions. 

We use a positive signature space-time metric rj^^, = diag{—,+, ...,+). Antisym- 
metrization is defined by 

A[^B,] = A^B, - A,B^. (A.l) 

Our convention of hermitian conjugation for odd generators is L^ = L, Q^^ = — Q, so that 
QqL" in the MC one-form is Hermitian, 

(Q„L°)t = L^tQt^ = L-(-Q,) = (Q«L"). (A.2) 

The conjugate for Majorana spinors L's are defined using charge conjugation matrix C as 

La = L^Cfia. (A.3) 

In 4 dimensions we use the gamma matrices in the Majorana representation 

70 = «Cr2 '^-^2, 71 = CTs (g) (Ti , 72 = 0-3 (g) (T3, 73 = CJi (g) /2- (A. 4) 

They are all real and verify the Clifford algebra 

{7m'7i'} = 2??^!., r]^„ = {-, + + +), ;U,z/ = 0,1,2,3. (A. 5) 

The 0(3, 1) Lorentz generators are 7^^ = ^[7^,7,^] = —Ju/i and satisfy 

ht^u, Ipa] = 2 ( Vplulp,]a - Valulp,]p) ■ (A. 6) 

The charge conjugation matrix C and 75 are also real 

C = 70, 75 = 70123 = o"i <g io-2 (A.7) 
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and satisfy 

C^ = -C = C-\ ^l = C^^C-' (A.8) 

then 

{Ci^)'' = -(C7;.), (^7;,.)^ = (C77;..), (C75)^ = -(C75). (A.9) 

The cychc identities necessary for the closure of the superalgebras are 

(C7^)(q,^(C7^)^5) = 0, (a/37(5) symmetric sum. (A. 10) 

The 0(3, 2) gamma matrices T^'s are expressed by using the Majorana representation 
of the 0(3, 1) gamma matrices (A. 4) as 



^PL = lfil5, r4 = -75, (A.ll) 

and verify the 0(3,2) Chfford algebra 

{r^,r4 = 2r/^^, r?^- = (-, + + +;-), /i,z) = 0,l,2,3,4. (A.12) 

The 0(3,2) generators T^p are 

^t^i^ = 2^^t^,'^u] = itiu, r^4 = r^r4 = 7^, (A. 13) 

and satisfy 

[r^p, r^^] = 2 ( Vpio^fLp - Va[i>^f,]p) ■ (A. 14) 

It gives the real Majorana representation of the algebra ( |A.12 ) with the charge conjugation 
matrix O = 70 = — ror4, 

(C)^ = -(C), (or^)^ = -(cr^), (or^,)^ = (cr^,). (A.15) 

The 0(4, 1) gamma matrices F^ are 

r^ = 7M75, r4 = z75. (A. 16) 

They verify the 0(4, 1) Clifford algebra 

{r^,rp} = 2r/^p, r/^p = (-, + + +;+), /i,i> = 0,l,2,3,4. (A.17) 

The 0(4, 1) generators r^,> are 

^pu = -[^fi,Tu] = iiJ.u, r^4 = r^r4 = -Z7^, (A.is) 

where 

[r/ij>, r^^] = 2 ( rjpi^pTp^]^ - Vaiu^pjp) ■ (A.19) 

Using the same charge conjugation matrix O = 70 = iror4, we find that the same relations 
(A.15|) hold also for 0(4,1) gamma matrices. In contrast to the AdS case these gamma 



matrices are complex but satisfy 

r; = -r4 r^ r4, r^^ = r4 r^^ r4. (A.20) 
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B. Quaternionic (super)groups and (super) algebras 

B.l Quaternionic algebras 

Quaternions q, the elements of quaternionic space i/" = {qi...qn), are written using 

g = g(0) + e^ gW g //, q(0),q(^)eR, (B.l) 

where the quaternionic units e^'s satisfy the multiplication rule 

Cr Cs = -6rs + ^rst Gt- (B.2) 

Quaternionic conjugate g of g is defined by g = q^'^^ — e^ q^^' ■ Remember (? — ^ = 0, — )• q^^> = 
0, (r = 1, 2, 3), (7 + g = 0, — ;■ q^^' = and it holds plj = qp. 



B.2 Quaternionic groups and corresponding Lie algebras [32] [33] 
i) The pseudounitary quaternionic (unitary) group U{n — k, k; H); 

It consists of the generators of linear quaternionic n x n matrix transformations pre- 
serving the Hermitian scalar product 

n—k k n 

{l\p) = ^QiPi-^ln-k+jPn-k+j= ^ QrVKLPL- (B.3) 

j=l jr = l K,L=1 

The transformation of q and p is 

PK -^ UklPl, qx -> UklQl, qx -^ QlUrl = QlUIk- (B.4) 

where f is defined using quaternionic conjugation. Then the condition of invariance of the 
metric is 

U^r]U = ri, -> iIknUklUnm = ilLM- (B.5) 

Number of independent conditions (in real components) following from (p. 51) are 4 "'^"~ ' 



2 

for off-diagonal and n for diagonal components, i.e., the number of independent real group 
parameters is 4n'^ — 4 —^ — - — n = n{2n + 1). For arbitrary n, k the norm ( |B.3| ) defines 
the pseudounitary quaternionic (unitary) group U{n — k,k; H). 

ii) The antiunitary quaternionic group Ua{n;H) 



One can define as well in quaternionic space the antiunitary quaternionic group Ua{n; H) 
as preserving the antihermitian quaternionic scalar product [33|[17| 



{(1\p)a = ^ Qk^klPl- (B.6) 



K,L=1 
with 



Akl = -Alk, -^ A = -Al (B.7) 
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For even n [n = 2k) one can choose Akl to be a real antisymmetric 2k x 2k matrix, and 
for odd n = 2k + 1 the last element ^2fc+i,2fc+i should be purely quaternionic (one usually 
assumes that it is given by the unit 62). Then the condition of invariance of the metric is 

U^AU = A. (B.8) 

The number of independent conditions (in real components) following from (|B.^) is 4 ^^^ — - 



2 
for off-diagonal and 3n for diagonal components, i.e., the number of independent real group 



parameters is An^ — 4 —^ — - —3n= n{2n — 1). For arbitrary n the norm (B^) defines the 



2 
antiunitary quaternionic group Ua{n;H). 

We could also consider orthogonal quaternionic groups 0{n;H) and symplectic ones 
Sp{2n;H). These two quaternionic groups are defined as preserving the symmetric and 
antisymmetric scalar products respectively, 

n n 

{q\p)s= Y. <iW'PL, {q\p)A= Y. ^^^''V, (B.9) 

K,L=1 K,L=l 

where the transposed quaternions are described by partial inversion q ^ q = q^^'+esq^"^' — 
629 +eiq^^'^. However these Lie algebras are related to the unitary and antiunitary ones 
by the following relations, 

0{n;H) = Ua{n;H), n{2n — 1) real parameters 

Sp{2n;H) = U{n,n;H), 2n(4n + 1) real parameters (B.IO) 



as can be shown by using the complex realization of the quaternionic scalar products ( |B.S| ) . 

iii) The complex representation of quaternions and quaternionic groups 

In order to describe the quaternionic groups and algebras using complex variables, one 
can introduce the known representation of the quaternionic algebra ( |B.2D in terms of 2 x 2 
Pauli matrices 

er^-^{ar),,, ^ 1=[gi2)_^^W ,(0) + ,,(3) J = ( ,2 ^u)- (B.ll) 

Multiplication of quaternions is the product of their matrix representations. The conjugate 
q is described as the hermitian conjugate of the complex matrix q 

/ ^1* ^2* \ 

(B.12) 



(B.13) 







In this way we identify a quaternion with a pair of complex numbers. 




q^ 2 ' i^H, 2 e ^^• 

\^ J \^ J 





The way the transposed quaternions are defined follows from the complex realization (B.ll). It should 
be recalled that the standard framework for the description of all Lie algebras are complex algebras, and 
the quaternionic variables are rather used as auxiliary notation. 
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The components of the second column of q are determined from those of the first. 



Using the substitutions (|B.llD , (|B.12|) , one can express the quaternionic scalar product 
( B.3 ) as pairs of complex numbers, namely^ [ 32 1| 34 1 



Invariant transformations of the inner product are those of the 2n complex vectors that 




keep the two components of (B.14) invariant. It follows that in complex 2n dimensional 
space {z\,z'j^) G C^" one can introduce a pair of complex scalar products; first describing 

U(2n — 2k, 2k; C) with diagonal pseudo-metric fj = [ I and second with 2n x 2n 

V r]AB J 

antisymmetric metric ^ = ( I describing the group Sp(2n;C). One obtains 

y-VAB J 
in complex notation the following equivalence as follows 

U{n - k, k; H) = U{2n - 2k, 2k; C) n Sp{2n; C) = USp{2n - 2k, 2k; C). (B.15) 




For the antihermitian quaternionic inner product (B.6) the complex components are 
written as 

(( 1* 2*\ ( ^AB 

^' ^ \-Aab 

Here the symmetric 2n X 2n matrix f} = I I has the signature (1, ..., 1, —1, ..., —1) 

\-Aab J 

and defines the complex group 0{n,n;C) = 0{2n;CY^ and the antisymmetric A = 
( ) defines the antiunitary complex group Sp{2n; C) which is equivalent with 

U{n,n;C), |3^]|3^]. Then we obtain 

Ua{n; H) = 0{2n; C) n U{n, n; C) = 0*{2n). (B.17) 

B.3 Quaternionic supergroups and applications to space-time symmetries 

There exists only one infinite series of norm-preserving supergroups UUa{n — k,k\m;H) 
which leave invariant the following graded metric in quaternionic superspace i/"-!™ spanned 
by the graded quaternionic vectors {qi ■ ■ ■ q-n] Oi . . . 9m) 



n 



{Q\V) = J2 ^rVklPl + Yl ^"^a/3^/3. (B.18) 



K,L=1 



^The complex variables u'' are related to the components of p as {z^, z^) are to those of g - see (B.ll). 
^"The orthogonal complex algebras do not have signatures - 0{n; C) is the complexification of real algebras 



0{n — k, k) for fc = 0, l...n. 
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(0) (r) 

The variables 9a = Oa + 9a Sr are quaternions with Grassmann-valued components, i.e., 

(0) (r) 

9a , 9a form the basis of a real 477i-dimensional Grassmann algebra. The bosonic sector 
of the supergroup UUa{n — k,k\m;H) is given by the product of quaternionic groups 

U{n - k, k; H) ® Ua{m; H). 



The quaternionic graded scalar product (B.18) can be expressed equivalently by a 
pair of complex graded scalar products defining the pair of complex supergroups U{2n — 
2k,2k\m,m) and OSp{2m\2n;C). We have the following equivalence in quaternionic and 
complex notation [^] [^ ] 

UUa{n - k, k\m; H) = U{2n - 2k, 2k\m, m) D OSp{2m\2n; C). (B.19) 

In the description of space-time symmetries the quaternionic groups are given as 



0{4,l) = U{l,l;H) = USp{2,2) (B.20) 

and for D=7 anti-de-Sitter symmetries [5^ as 



0(6, 2) = C/„(4; H) = 0*{8). (B.21) 

The n-extended D=4 dS supergroup is [|r^]-pj[| 

UUa{l, l|n; H) = C/(2, 2\n, n) n 0Sp{2n\A; C) (B.22) 

with internal symmetries U{n;H) = USp{2n), and the D=7 AdS supergroup, after using 
the relation U{n\m) = U{m\n) valid for graded unitary supergroups, takes the form [Il7|[p5| 



UaUii\n; H) = [7(4, 4|2n) n 0Sp{2n\S; C). (B.23) 

The internal symmetries in D=7 are given by Ua{n; H) = 0*{2n). 

B.4 D=4 dS superalgebra 

The graded de-Sitter algebras in D=2,3,4,5 are the same as D=3,4,5,6 Lorentz algebras. 
They are described by a symplectic series of real, complex or quaternionic Lie algebras 
Sp{2,F), {F = R,C,H) and quaternionic SI{2,HY^ 

D = 2: sp{2;R) = sli2;R) = o{2,l) 

D = 3: sp{2;C) = sl{2;C)=o{3,l) (B.24) 

D = A: sp{2;H) = u{l,l;H)=o(4,l) 

D = 5: s/(2;F) = su*(4) =o(5,l). 



If we employ the relations (|B.24 ) as linking various groups, we obtain the series of double 



spinorial coverings of 0{D, 1) for D=2,3,4,5: 



0(2,1) = SL{2;R) 



0(3,1) = SL{2;C) (B.25) 



0(4,1) = U{1,1,H) 



0(5,1) = SL{2,H). 



^^In the third relation in (B.24) we have used the second of ([B.1C|). 
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The supersymmetrization of space-time symmetries requires the knowledge of the fun- 
damental spinor representation of the corresponding spinorial covering group. We shall 
assume that the (super) algebra is supersymmetrized by the introduction of supercharges, 
which transform under the transformations of space-time symmetry group as the funda- 
mental spinor representation.^^ 

The spinorial coverings (p.25|) are supersymmetrized as follows: 



D = 2 
D = 3 
D = A 
D = 5 



0Sp{N\2;R) or SL{2\N;R) 

SL{2\N;C) (B.26) 

UUa{l,l\N;H) 

SL{2\N-H). 



The N=l, D=4 dS superalgebra C/{7q(1, 1|1;^) used in this paper can be translated 
into complex notation by using the relations ( B.ll| ), ( |B.12D , but this is quite a tedious 



procedure (see for example the complex description of sl{2\N;H) in [34|). In this paper 



we obtained the N=l, D=4 dS superalgebra (see (p. 25)) by observing its correspondence 



with the well-known N=2, D=4 AdS superalgebra (see ( 3.1^ )). Such a procedure follows 
from the property that 0Sp{2\A]R) as well as C/C/q, (1, 1|1; i?) are two different real forms 
of OSp{2\A] C) and consists of the following steps: 



1. Replace the real 4x4 matrices ( A.ll| ) describing 0(3, 2) Dirac matrices by the com- 
plex 4x4 matrices (A. 16) giving the 0(4, 1) Dirac algebra. ^^ 



2. The choice of 0(4, 1) gamma matrices dictates the choice of 0(4, 1) conjugation 
matrix C, satisfying the defining relations ( A.15| ) for 0(4, 1) Dirac matrices. In 



our paper we select the same explicit form of C-matrix for 0(3, 2) and 0(4, 1) (see 
appendix A). 

3. Replace the N=2 real 05^(214) supercharges by complexified supercharges describing 
the complex-holomorphic superalgebra OS'p(2|4; O). 

4. Impose invariance of the superalgebra 05*^(214; C) under the quaternionic Majorana 
conjugation implying that the supercharges are 0(4, 1) quaternionic spinors 

Q^^ae^^{T,)fQl.. (B.27) 

where |a| = 1 due to the involutive character of the mapping ( [B.27| ) (in ( |3.26| ) the 
choice a = i is made). 

Our superalgebra ( |3.25| ) satisfies all these requirements characterizing the UUa{\, 1|1; H) 
superalgebra, namely 

• It is covariant under [7(1, 1; H) ® C/q,(1; H) = USp{2, 2) ® 0(2) transformations. 



^^By this assumption we exclude so-called vector-supersymmetries [E9|. 

^^The complexification in our paper is obtained simply by multiplying the fifth real 0(3, 2) gamma matrix 
by the imaginary unit i. 
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• The 8 complex charges do satisfy the quaternionic Major ana condition ( |3.26| ). 
In conclusion, we would like to add that N=l, D=4 dS supergravity, as a gauge theory 



on C/C/q,(1, 1|1; ii^), was constructed first in |38]. Unfortunately, it has been shown |19|[18| 



that such a theory necessarily contains ghost states. 
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